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^ : Abstract 

\ We study the quantum remnant of a scalar field protected by the uncertainty principle. The 

quantum remnant that survived the later stage of evolution of the universe may provide dark 
energy and dark matter depending on the potential. Though the quantum remnant shares some 
useful property of complex scalar field (spintessence) dark energy model, quantum fluctuations are 



still unstable to the linear perturbations for V ^ (p'^ with q < 1 as in the spintessence model. 



* Electronic address: |sangkim@kunsan. ac .kr| 
'''Electronic address: |skoh@itp. ac.cn 



1 



The current observational data predicts that the present universe has recently been domi- 
nated by dark energy and dark matter in the latest evolution . The origin and property 
of dark energy and dark matter is one of the most challenging problems of this century. 
There have been many models and proposals to explain the nature of dark energy [3] and 
dark matter [4]. 

One of such attempts is to introduce a complex scalar field, equivalent to two real scalar 
fields with the same coupling constants, whose conserved charge leads to a centrifugal force 
to the potential that may provide dark energy, dubbed spintessence . It is pointed out 
that the spintessence model of complex scalar may lead to formation of Q-balls, a drawback 
for dark energy 7|. 

In this paper, we show that a real scalar field in semiclassical gravity may share some of 
useful properties of spintessence without forming Q-balls. In semiclassical gravity approach 
a quantum real scalar field is equivalent to a complex scalar field with a constraint from the 
quantization rule ■ [lo|. The basic idea is as follows: the minimum uncertainty relation 
satisfied by the field and the momentum tt,^ [in units of c = h = 1], 

A0Avr, ~ ^, (1) 

approximately leads to an effective potential 

VoM-^.+Vix), (2) 

where x ~ A0. Here, the quantization rule or uncertainty principle in semiclassical gravity 
plays the role of the conserved charge of the spintessence model, the difference being that 
the Planck constant (set to ^ = 1) is a fundamental constant in the former whereas the 
charge is an arbitrary parameter in the latter. 

Thus, the minimum energy of the effective potential may be called the quantum remnant 
of a dynamical scalar field. Note that the physical argument for the quantum remnant is 
the uncertainty principle. Any quantum field, contrary to the classical counterpart, cannot 
settle down to the potential minimum because fluctuations originated from the uncertainty 
principle lead to a non-zero ground state energy. Likewise, the same principle works in semi- 
classical gravity for cosmology. The quantum real scalar field cannot rest at the minimum 
of the classical potential, but it fluctuates around the potential minimum. 

We now study quantum effects of a single real scalar field in the later evolution of the 



universe. In a spatially flat FRW universe with metric 

ds'^ = -df + a^{t)dy?, (3) 
the homogeneous real scalar field has the Hamiltonian 

H(t) = ^ + aV(0), (4) 

where tt^ = a^cj). The equation of motion for (f) is given by 

+ 3i/0 + V' = (5) 

where H = d/a is the Hubble constant and a prime denotes derivative with respect to 0. 
The homogeneous Friedmann equation is 

= ^n. (6) 

However, in semiclassical gravity, the classical equations are replaced by the Schrodinger 
equation for 

^^*(0,^)=7^(t)vl/(0,^), (7) 

and by the semiclassical Friedmann equation 

For a convex potential V, where the curvature is positive, a generic Gaussian wave function 
may approximate the exact state near the potential minimum jsj]: 

^ 1 .TT 



(9) 



^4^2 2xJ 

Here, vr^ = a^x, and the auxiliary variables satisfy the dispersions x = and vr^ = Att^, 
respectively. Now the Dirac action principle leads to the effective action 

The origin of the centrifugal potential, the second term, in Eq. fllUp is either the quantization 
rule or the uncertainty principle. Hence, the semiclassical Friedmann equation reads 

= 3^^^^^' ^^^^ 



and the field equation becomes 

In the oscillator representation, the Gaussian wave function is the ground state of the 
annihilation and the creation operators that are dimensionless, 

nip nip 

^ ip 1 " 

a: = -^7(6 5-7r<o0, (14) 

rrip nip 

where ir^p = a^ip and a complex auxiliary field (p satisfies the equation of motion 

^ + 3Hip + V' = 0. (15) 

The commutation relation [a, a^] = 1, or the quantization rule yields the condition 

7r*v9 - (p*7i^ = imp. (16) 

The auxiliary field x is the amplitude of the complex scalar field, ip = and the quan- 

tization rule f|T6l) becomes 

Q = 2a\H = m|. (17) 

Note that Eq. ffTTl) has the same form as the charge conservation in the spintessence model 
5|, 16| . The centrifugal potential from the quantization, physically speaking, the uncertainty 
principle, prevents the field x from falling to the classical minimum of V. Instead, it even- 
tually reaches the limit cycle 

Aa^^x' dx' ^ ^ 

To investigate the later evolution of quantum remnants, we need to check the equation 
of state. The energy density and the pressure for the zero-mode of quantum scalar field are 
given by 
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(a) Phase space (b) Evolution of equation of state 

parameter w 

FIG. 1: ( fTall depicts the evolution of fields in phase space for V = M'^~^x'^/g where 
q = 1/2 and (flbl) plots the evolution of equation of state parameter w 

Then the equation of state around the limit cycle is 

tf = — ~ , (21) 

P XV' + 2V' ^ ' 

where we have used Eq. f|T8|) . The w should be less than —1/3 for dark energy. For a 
power-law potential, V{x) ~ X'^i this constraint restricts g < 1 [g, 0]- 

For a general concave potential with negative curvature, we give a simple argument based 
on the uncertainty principle. Roughly speaking, the field operator and the momentum 
operator satisfying the minimum uncertainty relation 

X^x - -f^ (22) 
approximately leads to an effective potential 

^efr(x)~^ + V^(x). (23) 

Therefore, the limit cycle is a consequence of the uncertainty principle. 

In Figs. [Hand [21 we plot the evolution of x iii phase space and of w for Vix) = 2M''/^x^/^ 
and respectively. It is numerically confirmed in Figs. [Taj and [2a| that a later time, 

there is a barrier due to the centrifugal potential term in Eq. 0231) which prevents x from 
falling to the potential minimum and that x approaches to the limit cycle at x — Xc? where 
Xc is the value satisfying the condition ([TSll . While {w) = at limit cycle for V{x) ~ 
in Fig. [2b| (w) < — | for V ~ x^/^ in Fig. [Tb] where we have performed time average over 
equation of state parameter at limit cycle. As discussed for a complex scalar field in Ref. 




(a) Phase space 



(b) Evolution of equation of state 
parameter w 



FIG. 2: ( l2a]l depicts the evolution of fields in phase space for V = with 
m/mp = 1 and (l2bl) plots the evolution of equation of state parameter w 

Gj, while the power-law potential with q = 2 can play the role of dark matter, the power-law 
potential with g < 1 can be considered as dark energy. 

A few comments are in order. First, in discussing the Hamiltonian of the quantum scalar 
field, we assumed its ground state to be approximately described by the Gaussian wave 
function. It is believed to be true in general for a convex potential, especially V ^ (p'^ with 
q > 2. However, for a (concave) power-law potential with g < 1 it may not hold because of a 
singular behavior around = 0. In order to apply the approximate Gaussian wave function 

or the power law potential with q < 1, we can consider the following form potential as in 



(ill 



(1/2)9 



(24) 



where A is a dimensionful parameter. At ^ (pc, the potential V{(j)) can be approximated 
by the power-law potential V{(j)) ~ 0'^, and if <^ 0c, V{(f)) ~ 0^. Since V'{(j)) is not 
singular any longer around = even g < 1, we may apply the Gaussian wave function 
approximately to describe the ground state and take 0c as the value that satisfy the limit 
cycle condition f|T8|) . 

Next, we discuss the instability problem. The field 0(t, x) is decomposed into the ho- 
mogeneous part, 4>o(t), which satisfies the equation of motion ([5]), and fluctuations 50()f:,x), 
which can be expressed in the Fourier transform as 



50(t,x) 



(27r)3/2 



[a<^fe(t)e-''^-" + aVfe(t)e 



jkxl 



(25) 



The expression a and can be obtained from Eqs. (fT3l) and ( [H]). Then ipk satisfy the 
equations of motion 

V3fc + 3H^k +(^^ + Vk = 0, (26) 
where we have neglected the metric perturbations. If V" is assumed to include oscillating 

n 

terms (for example, V" ~ Vq + Vg" cos 2c(j)f: and to is an oscillating frequency [12|]), the above 
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equation reduces to the form of Mathieu equat 

— V9fc + (Ak - 2B cos z)ipk = 0, (27) 

where z = out, At = ^{k"^ + 2Vq') and B = — and we have ignored cosmic expansion. 
For a symmetric power-law potential with p > 2, there exist stable solutions even in small 
scale regions For a power-law potential with g < 1, however, numerical calculations 
show that oscillating scalar fields which have negative pressure are unstable to the growth of 
inhomogeneities on small scales [l^ and on large scales 12 1. This implies that instabilities 



are inevitable as far as the power-law potential is concerned with q < 1 which provides 
negative pressure. In this sense such a potential may not be suitable for driving cosmic 
acceleration. 

However, the Gaussian wave function ([9]) may be not appropriate to apply to the concave 
potential or potential although we assume it would hold approximately in the present 
work. We have to solve the Schrodinger equation ([7]) for a concave potential or potential 
(!24l) and then improve the Gaussian wave function using a variational method. And also in 
( |26|) . we can take into account higher order terms in V" 

¥3. + 3H^, + R + E T^i^DV^'''-''^ = 0, (28) 

n=0 ^ / 

where 

id) = dke\^,\\ (29) 

and = dJ'V/d(p'\ It is necessary to find the role of higher order quantum corrections to 
the instability problem. We shall leave these things to the future work. 

In summary, we have studied the dynamics of a quantum real scalar field that obeys 
the uncertainty principle and discussed the possibility of its quantum remnant for dark 
matter and dark energy at later evolution. It is shown that the uncertainty principle, by 



preventing the quantum scalar field from rolling to the potential minimum, can drive the 
cosmic acceleration in the recent era. In fact, the uncertainty principle plays the similar 
role of the Hubble friction in oscillating dark energy model or the centrifugal potential 
in complex scalar fields (spintessence) model. If the quantum remnants survived to the 
present era, those can play the role of dark matter {w = 0) or dark energy {w < —1/3) 
depending on the shape of the potential. However, although no Q-balls are formed in this 
model, quantum fluctuations are unstable to the growth of the inhomogeneities for the 
power-law potential with q < 2 which provides negative pressure. As far as instability is 
concerned, the model may not be suitable as a candidate for dark energy but is not still 
excluded as a viable candidate for dark matter. So it would be interesting to study whether 
the improved Gaussian wave function by the variational method and thereby higher order 
quantum corrections to the potential may resolve the instability problem or not. 
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